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Abstract
For coprime truncation sets M,N ⊂ N, we establish an isomorphism of functors
WN ◦WM WMN , where WN(A) denotes the ring of N-Witt vectors over a ring A.
Further we note that this isomorphism can, under certain restrictions on A, be expressed in
terms of Artin–Hasse exponentials.  2002 Elsevier Science (USA). All rights reserved.
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Introduction
From Roberts’ paper [1], we can extract the following result. Let p be a prime
number, M = {1,p,p2, . . .} and N ⊆ N the set of positive integers coprime to p.
Then, for (commutative) algebras A over the localisation Z(p) = Z[ 1n : n ∈ N],
there is a functorial isomorphism of rings
WN
(
WM(A)
)WN(A). (1)
Here,WN denotes the Witt functor on the index set N . (A more precise definition
and some basic properties of Witt vectors are given in Section 1.) This result has
applications to class field theory by interpretingWN(Fq) as the one-unit group in
a local function field (cf. Remark (c) to Proposition 1 below).
The question arises whether (1) holds generally for M ∩ N = {1}, MN = N
and arbitrary rings A. We shall answer this question affirmatively in Section 2.
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The crucial point (as with most proofs concerning Witt vectors) will be to
show that certain polynomials over Q actually have their coefficients in Z. This
exposition is concluded in Section 3 by explaining how the isomorphism (1) can
be written out using Artin–Hasse exponentials, when returning to the assumption
that A is an algebra over Z[ 1
n
: n ∈N].
1. Preliminaries
Let us briefly recall the necessary facts about Witt vectors, which we distill
from [2] and [3]. In this text, rings and algebras are always commutative with 1,
and a morphism of rings A → B sends 1A to 1B . In what follows, A always
denotes a ring. For any set N , let ΠN : Rings → Rings be the functor which
associates to A the N -fold direct product ring AN with the usual componentwise
addition and multiplication. Note that ΠN is left represented by the polynomial
ring RN := Z[xn: n ∈N].
Throughout, N is the set of positive integers. Now let N ⊆ N be a truncation
set, i.e., N contains every positive divisor of each of its elements. We denote
by WN : Rings → Rings the Witt functor which is also left represented by RN .
However, addition and multiplication in WN(A) are defined by requiring that the
functorial map
ϕN(A) :
WN(A) → AN
x = (xn)n∈N → (x(n))n∈N
with
x(n) :=
∑
d |n
dx
n/d
d (2)
is a ring morphism. (In other words, ϕN :WN →ΠN is a natural transformation.)
Set W :=WN and let t be a variable. Then the functorial bijection
W(A) → Λ(A) := 1+ tA[[t]],
x = (xn)n∈N → fx :=Π
(
1− xntn
)−1
transports the ring structure fromW(A) to Λ(A). The map
∂(A) :
Λ(A) → tA[[t]]
f → ∂f := t f ′
f
(where f ′ means the formal derivative w.r.t. the variable t) sends fx to∑
n∈N x(n)tn. Hence (W(A),+)→ (Λ(A), ·) is an isomorphism of groups. (The
multiplication in the ring Λ(A) is a bit more complicated.) Below, we shall need
some facts and definitions concerning truncation sets and the ring morphisms
ϕN(A).
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Remark/Definition.
(a) If M and N are truncation sets, then MN := {mn | m ∈ M, n ∈ N} is a
truncation set.
(b) The submonoid of (N, ·) generated by any set of prime numbers is a
truncation set. These are precisely the truncation sets which are submonoids
of N, and we call them monoidal.
(c) For any subset M ⊆ Z, the set M⊥ := {n ∈ N | gcd(m,n) = 1 ∀m ∈M} is
a monoidal truncation set. If M is a monoidal truncation set, then M⊥ is
uniquely determined by the two identities M ∩M⊥ = {1} and MM⊥ =N.
For a (truncation) set N ⊆ N, let ZN := Z[ 1n : n ∈ N] ⊆ Q denote the
localization of Z by N .
Lemma 1. Let M = ∅ and N be truncation sets and A a ring. Then we have the
following characterizations.
(a) ϕN(A) is injective ⇔ A has no N -torsion.
(b) ϕN(A) is surjective ⇔ ϕN(A) is bijective ⇔ A is a ZN -algebra ⇔WM(A)
is a ZN -algebra.
2. Main theorem
Let M , N be two truncation sets and A a ring. Applying the functoriality of
ϕN to the ring morphism ϕM(A) :WM(A)→AM gives the commutative diagram
WN(WM(A))
ϕN (WM(A))
WN (ϕM(A))
WM(A)
N
ϕM(A)
N
WN(A
M)
ϕN (A
M)
(AM)N .
The resulting ring morphism ϕM,N(A) :WN(WM(A)) → (AM)N takes x =
(xm,n)m∈M
n∈N
to (x(m,n))m∈M
n∈N
where
x(m,n) := (x(n))(m) =∑
d |n
d
(∑
c|m
cx
m/c
c,d
)n/d
. (3)
Note that M ×N MN in case M ∩N = {1}, so that we can identify (AM)N =
AM×N =AMN . Our main theorem now reads as follows.
Theorem 1. Let M , N be two truncation sets with M ∩N = {1}. Then there is a
unique functorial isomorphism (or: natural equivalence of functors)
ωM,N :WN ◦WM →WMN
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satisfying ϕM,N = ϕMN ◦ωM,N .
We want to give an elementary proof of this theorem by imitating an idea from
Witt’s original paper [4], where we find a special case of the following lemma.
Lemma 2. Let A be a ring, q ∈ Z and Q⊆ N the monoid generated by all prime
numbers dividing q . Factor each n ∈N as n= n′n∗ with n′ ∈Q and n∗ ∈Q⊥.
(a) If a, b ∈A satisfy q|b− a, then n′q|bn− an for every n ∈N.
(b) Let N be a truncation set such that A has no torsion by N ∩ Q. For
x = (xn)n∈N , y = (yn)n∈N ∈WN(A), we then have the equivalence
q|yn− xn ∀n ∈N ⇔ n′q|y(n)− x(n) ∀n ∈N.
Proof. (a) Since rsA = rA ∩ sA for gcd(r, s) = 1, we can reduce to the case
q = pl with l ∈ N and p a prime number. Then n′ = pν and, proceeding by
induction on ν, it suffices to verify the assertion for n= p. But writing b = a+plc
with c ∈A yields bp − ap =∑pk=1 (pk)pklckap−k ∈ pl+1A.
(b) We may assume N finite and proceed by induction on |N |. Suppose one
side of the equivalence is true and let n ∈ N . Then, by the induction hypothesis,
for all d|n with d < n we have q|yd − xd , hence n′q|d(yn/dd − xn/dd ), using (a).
Since A is n′-torsion free and gcd(q,n∗)= 1, the identity
n′n∗(yn − xn)+
∑
d|n
d<n
d
(
y
n/d
d − xn/dd
)= y(n) − x(n)
proves the equivalence for n. ✷
For a prime number p, we denote by vp the p-adic discrete valuation (on
Q∗ with values in Z). Also, for x = (xn)n∈N ∈WN(A), we set Fpx = (xpn )n∈N .
(Note that, in general, Fp is not a ring homomorphism.) Then for any n ∈N with
ν := vp(n) > 0 we have
x(n) = (Fpx)(n/p) + ∑
d|n
vp(d)=ν
dx
n/d
d ≡
(
Fpx
)(n/p)
mod pνA. (4)
We are now ready to prove Theorem 1.
Proof of Theorem 1. All three functors,WN ◦WM ,WMN and ΠMN are left rep-
resented by the polynomial ring R := Z[xmn: m ∈M, n ∈N] with variables xmn.
Set x := (xmn)m∈M
n∈N
∈WN(WM(R)). By Yoneda’s Lemma, a functorial map (of
sets) ωM,N :WN ◦WM →WMN satisfying ϕM,N = ϕMN ◦ωM,N corresponds to
an element z = (zmn)m∈M
n∈N
∈WMN(R) satisfying ϕM,N(x)= ϕMN(z). Moreover
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ωM,N will be bijective iff R = Z[zmn: m ∈M, n ∈ N]. Because ϕM,N(R ⊗Q)
and ϕMN(R⊗Q) are isomorphisms by Lemma 1(b), we clearly must have
z= (zmn)m∈M
n∈N
:= ϕ−1MN
(
ϕM,N(x)
) ∈WMN(R⊗Q),
so ωM,N will be a ring morphism and unique (if it exists). Also, comparing (2)
with (3), we find that zmn − xmn ∈ Q[xcd : c|m, d|n, cd < mn]. Therefore, we
are done if we can prove that z ∈WMN(R).
Let p be a prime number, set
x˜ := (xpmn)m∈M
n∈N
∈WN
(
WM(R)
)
and
z˜= (z˜mn)m∈M
n∈N
:= ϕ−1MN
(
ϕM,N(x˜)
) ∈WM,N(R⊗Q)
and define
xn := (xmn)m∈M, x˜n :=
(
x
p
mn
)
m∈M = Fpxn ∈WM(R),
ymn := x(m)n , y˜mn := x˜(m)n ∈R,
ym := (ymn)n∈N, y˜m := (y˜mn)n∈N ∈WN(R),
then x(m,n) = y(n)m = z(mn) and x˜(m,n) = y˜(n)m = z˜(mn).
Now we let m ∈M , n ∈ N and show zmn ∈ R by induction on mn. Suppose
ν := vp(mn) > 0. By the induction hypothesis, we have zcd , z˜cd ∈R and therefore
z
p
cd ≡ z˜cd mod p for all c|m and d|n with cd <mn, which implies(
Fpz
)(mn/p) ≡ z˜(mn/p) mod pν (5)
according to Lemma 2(b). Also, from (2) we conclude that mnzmn ∈ R. Hence,
since p was an arbitrary prime number dividing mn, we are done if we can show
that pν |mnzmn. Now, (4) yields
mnzmn =
∑
c|m, d|n
vp(cd)=ν
cdz
mn
cd
cd = z(mn) −
(
Fpz
)(mn/p)
mod pν.
Thus, in view of (5), it remains to verify that z(mn) ≡ z˜(mn/p) mod pν .
If p|m, i.e., ν = vp(m), we have ymd = x(m)d ≡ (Fpxd)(m/p) = y˜md/p mod
pν for any d ∈ N by (4). Hence z(mn) = y(n)m ≡ y˜(n)m/p = z˜(mn/p) mod pν by
Lemma 2(b). Now let p|n, i.e., ν = vp(n). Since ypmd = y˜md mod p for any d ∈N ,
we conclude z(mn) = y(n)m ≡ (Fpym)(n/p) ≡ y˜(n/p)m = z˜(mn/p) mod pν by (4) and
Lemma 2(b). ✷
The isomorphism ωM,N has many natural properties, e.g., it respects Teich-
müller elements and commutes with the Verschiebung V r for r ∈ N (but not, in
general, for r ∈M; see [3] for definitions). The interested reader can easily verify
this.
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3. The connection with Artin–Hasse exponentials
In the following, we want to write out the isomorphism in Theorem 1
using Artin–Hasse exponentials. Let µ, be the Möbius function, M a monoidal
truncation set and A an algebra over ZM⊥ . Then, by Lemma 1, we can define the
Artin–Hasse exponential at M over A (cf. [5] or [2]),
EM(t) :=
∏
d∈M⊥
(
1− td)−µ(d)/d ∈Λ(A),
satisfying
∂EM =
∑
d∈M⊥
µ(d)
∑
k∈N
tkd =
∑
m∈M
n∈M⊥
∑
d |n
µ(d)tmn =
∑
m∈M
tm.
We can thereby generalize the original definition of fx given in Section 1 to an
element x = (xm)m∈M ∈WM(A) by setting
fx(t) :=
∏
c∈M
EM
(
xct
c
) ∈Λ(A),
and then
∂fx =
∑
c∈M
c
∑
n∈M
xnc t
cn =
∑
m∈M
x(m)tm. (6)
Proposition 1. Let M , N be truncation sets with M ∩ N = {1} and MN = N,
and let A be a ZN -algebra. Then the isomorphism ωM,N (A) in Theorem 1 sends
x ∈WN(WM(A)) to z ∈W(A) with
fz =
∏
n∈N
fx
(
tn
)1/n ∈Λ(A). (7)
Proof. On ZN -algebras, WN ◦WM , W =WN and ΠN are represented by the
polynomial ring R := ZN [xmn: m ∈M, n ∈ N] with variables xmn. Therefore,
by Yoneda’s Lemma, it suffices to consider x := (xmn)m∈M
n∈N
∈WN(WM(R)). Let
f ∈Λ(R) equal the right hand side of (7). Then, by (6), the chain rule and (3),
we obtain
∂f =
∑
n∈N
∑
m∈M
x(m,n)tmn,
and the proposition follows using Theorem 1 and the connection between ∂ and
ϕN mentioned in Section 1. ✷
Remark.
(a) In fact, we have f ∈Λ(Z[xmn: m ∈M, n ∈ N]), in the above proof, due to
Theorem 1.
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(b) We can use Proposition 1 even when MN = N, if we keep assuming that
A is a ZM⊥ -algebra. In this case, set N˜ := M⊥, M˜ := N˜⊥ and choose
x˜ ∈WM˜(WN˜ (A)) projecting to x ∈WM(WN(A)) (e.g., by filling up with
zeros). Then apply the proposition to x˜ and project down to WMN(A) again.
(c) Under the assumptions of the proposition, ωM,N (A) factors into two
isomorphisms as
WN
(
WM(A)
) ∼
ϕN (WM(A))
WM(A)
N ∼→W(A),
the second of which has been used by Lauter [6, p. 60] in the case A = Fq
and M = {1,p,p2, . . .} with p = char(A), in order to determine the index of
certain ray class groups in charecteristic p.
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